Angular parts of wave functions of octupole vibration are constructed of generalized spherical harmonic functions on a six-dimensional hyper sphere. The functions Y,,,,,,, 4 , 5 , 6 , which are classified by the group chain SO ( In a recent few years, wave functions of collective quadrupole vibration were obtained by several people. !)~gJ In Refs. 1) and 2), they solved this problem by using theory of "elementary factors" 8 J and "traceless opera tor". ll The former is used to classify polynomials of boson creation operators, and these polynomials form basis vectors of symmetric representation of the group SU(5). The latter is used to extract irreducible representation of the group SO (5) from that of the SU (5).
In a recent few years, wave functions of collective quadrupole vibration were obtained by several people. !)~gJ In Refs. 1) and 2), they solved this problem by using theory of "elementary factors" 8 J and "traceless opera tor". ll The former is used to classify polynomials of boson creation operators, and these polynomials form basis vectors of symmetric representation of the group SU (5) . The latter is used to extract irreducible representation of the group SO (5) from that of the SU (5) .
Finally, with the aid of Dragt's theorem, 2 J operator polynomials are transformed into those of deformation parameters. The same method was applied to octupole motion by Rohozii1ski. 9 ) But those procedures become difficult in proportion as groups become large. In fact, he did not transfer operator polynomials into those of deformation parameters.
When we treat this kind of problem, we encounter the following requirements which have to (or had better) satisfy; i) operators having physical meaning are diagonalized, ii) wave functions are orthogonal with respect to their quantum numbers and iii) written by deformation parameters. Unfortunately, i) and ii) are often incompatible (see, for example Ref. 10) ). In other words, subgroups gene-rated from physical operators break a group chain which is mathematically relevant and satisfies ii). When we use the "elementary factors" of the angular momentum group SO (3), we have the wave functions classified by angular momentum J and its projection M. But we must introduce some additional quantum numbers, so that the wave functions ·are not orthogonal.
It is known that generalized spherical functionsw~1 3 J on a (N -1) -dimensional sphere constitute an irreducible representation space of the group SO (N). These functions are classified by a group chain, SO(N) ~SO(N -1) ~ ··· ~S0 (2) , and orthogonal with respect to their quantum numbers. When we know these functions of SO (N), wave functions of symmetric representation of SU(N) are easily obtained 9 J by solving a differential eq nation which determines the radial parts of JV-dimensional harmonic oscillator wave functions. From these reasons stated above, we consider an application of spherical harmonic functions of SO (7) to the collective octupole vibration.
In § 2, we briefly explain the theory of generalized spherical functions. In § 3, by introducing step-up and -down operators, we calculate matrix elements of position operators and rewrite momentum operators and generators of the SO (7) with these step-up and -down operators. In § 4, we diagonalize J 0 and derive linear equations to diagonalize J. § 2. Spherical harmonic functions and their application to nuclear collective motion
Spherical harmonic functions
The Laplacian 111 (n + 1) -dimensional Euclidian space En+ 1 is decomposed into radial and angular parts:
where A<n) denotes the Laplace-Beltrami operator on n-dimensional sphere sn. On the two-dimensional sphere, the A<nJ is of well-known form: According to the usual procedure, we get La place-Beltrami opera tor:
which is an invariant (Casimir operator) *J of the group SO (n).
As is seen from Eq. (2 · 9), a set of coordinates according as lk -lk+l is even or odd.
Angular parts of wave functions of collective 2"-pole vibration
In the phenomenological theory of nuclear collective motion, 16 J deformation parameters a"~'s are taken as spherical coordinates. In order to apply the results obtained above to this theory, we must first transform a"~'s in Cartesian coordinates.m Decomposing the a"~'s into real and imaginary parts, 
Then replacing x/s of Pz,z, ... where p denotes some missing labels. § 3.
Matrix elements of operators
Up to now we have been concerned only with wave functions. In practical application of the theory, matrix elements of position, momentum and angular momentum operators are necessary. In this section we discuss the subject. Although we hereafter restrict our consideration to nuclear octupole motion and the SO (7) , it will be seen that the extension of the theory to higher multi pole motion is straightforward. Necessary mathematical formulas are collected in the Appendix.
Matrix elements of position operators
As is seen from Eqs. 
*' The way how we choose these variables conveniently is not well-known for the higher multipole deformation. The way is rather arbitrary. But, for octupole deformation, Davidson's choice"> is not correct(cf. Ref. 19) ).
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We do not write down here lengthy expresswns of rna trix elements of x/ s, but the following two examples will show how they are expressed:
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Generators of the SO (7)
Using Eqs. (2 · 5), (2 · 6), (2 ·10) and (2 ·11), we can transform generators of the SO (7) into the forms in polar coordinate system. Results are given in Table I . By the use of those expressions of the Lij's, it is directly shown that operators A<nl (n=1, 2, ... , 6) are Casimir operators of corresponding SO(n+1) groups:
All operators which commute with A<el must be functions of step-up and -down operators K± 1 ' which shift Z/s (i=2, 3, ... , 6) and given in the Appendix. In fact, when we operate with Li/s on the Yr,r, ... r, (8i), we can see by straight calculation using Eqs. (A ·13) ~(A ·19),
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As the matrix elements of x;'s are known, it is necessary to rewrite f) ( 
. _lf+z,_ __ ) xz,Xt•Xz·(-l~~ t+. i)K~. 
The relation between J ±t and J"" is the usual one; 
according to even or odd values of (l, -l4) and (l, -llol).
Those values of m 3 and 1n5 can be derived directly from Eq. (2 ·19) and the senes expansionw, 15 ) of Gegenbauer polynomial: with eigenvalue M=m8 +2m5 -3l6, of the J 0• These r!J1, 1,m,1,m, 1.'s are orthogonal with respect to their quantum numbers classified by a group chain SO (7) ~SO (6) ~SO (2) X SO ( 4) ~SO (2) X SO (2) . Next we must diagonalize angular momentum J.
Cv,+!,(
In order to project out the highest state with J = i\11, we first superpose functions with the same 1\11 = J:
The coefficients c1,m,1,.,,1.'s are determined by
Calculation of matrix elements of the .!1 is simplified by the following investigation. Operators Wave functions given good lvf quantum number. vant i\1-scheme. But that by Eq. (4·19) satisfy i), iii) and partially ii) and have a Diagonalization of J breaks this mathematically releprocedure is not always necessary. In the recent shell model calculation," 1 l it is found that M-sheme wave functions are rather convenient for numerical calculation. When we study anharmonic effect of collective octupole vibration by boson expansion method, 20 l J\1-scheme wave functions will be conveniently used.
These operators K ± 1 ' play the same role in the functional space of Y1, 1, ... 1.'s as annihilation and creation operator play in the occupation number space. But there is a great difference between them. All operators given by Eqs. (A ·1) """(A· 4) and (A· 9) """(A -12) depend on parameters of operated function. In formulas given below, we do not write operated functions, but these are assumed to be C1""' (cos 8).
When parameters of the C/m are changed, corresponding prameters of operators must be changed at the same time. 
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